Three-dimensional pseudo-spherical submanifolds in R 5 , whose Bianchi transformations are degenerate of rank 2, are studied. A complete description of such submanifolds is obtained in the case where the Bianchi transformations are holonomically degenerate.
Introduction
A regular n-dimensional submanifold F n in (n + p)-dimensional Euclidean space R n+p is called pseudo-spherical if its sectional curvature is constant negative, K ≡ −1. Any such submanifold represents a domain of the hyperbolic space H n isometrically immersed into R n+p . Consequently, it can be parameterized by horospherical coordinates (u 1 , ..., u n ) so that its metric form is
Let x(u 1 , ..., u n ) denote the position vector of F n in R n+p . The Bianchi transformation of F n corresponding to the chosen horospherical coordinates is defined by the formulax
The classical theory of pseudo-spherical submanifolds and their Bianchi transformations deals with the case of n-dimensional submanifolds in R 2n−1 . In this situation, the Bianchi transformation has remarkable properties. For instance, if the resulting vector-functionx(u 1 , ..., u n ) represents a regular n-dimensional submanifold, then this submanifold is pseudo-spherical and its sectional curvature isK ≡ −1, see [4] , [2] , [13] , [14] . Thus, the concept of Bianchi transformation provides us with an effective way for constructing new pseudo-spherical submanifolds from a given one.
Moreover, the theory of n-dimensional pseudo-spherical submanifolds in R 2n−1 has a remarkable analytical interpretation in the frames of the theory of solitons, where these submanifolds are represented by solutions of a specific integrable system of non-linear pde's generalizing the celebrated sine-Gordon equation, see [14] , [16] , [17] .
As for the case of p > n − 1, it quite differs from the classical one where p = n − 1. For instance, in this non-classical case the pseudo-sphericity is not obliged to be preserved under the Bianchi transformation, see [3] , [9] , [10] .
Generically, the vector-functionx(u 1 , ..., u n ) defined by (2) represents an n-dimensional submanifold in R n+p , which is regular almost everywhere. However, in some particular cases the Bianchi transformation degenerates in the sense thatx(u 1 , ..., u n ) describe a submanifold whose dimension is less than n.
The simplest example of a degenerate Bianchi transformation is provided by the famous pseudosphere (Beltrami surface), which is a surface of revolution in R 3 obtained by rotating a tractrix. This surface admits a degenerate Bianchi transformation to a straight line.
A complete description of n-dimensional pseudo-spherical submanifolds in R n+p admitting degenerate Bianchi transformations to one-dimensional curves was proved recently in [11] , see also [7] , [12] . These submanifolds, which are called generalized Beltrami surfaces, are submanifolds of revolution obtained by rotating particular curves, generalized tractrices.
The aim of this paper is to analyze the degenerate Bianchi transformations of rank 2 which by definition transform n-dimensional submanifolds with n > 2 to two-dimensional surfaces. In this paper we consider the case of three-dimensional pseudo-spherical submanifolds in R 5 .
So, let F 3 be a pseudo-spherical submanifold in R 5 . Suppose that F 3 admits a Bianchi transformation which degenerates and transforms F 3 into a two-dimensional surface,F 2 . What can one say about the initial submanifold F 3 as well as about the transformed surfaceF 2 ?
Evidently, the kernel of (the differential of) the degenerate Bianchi transformation in question represents a well-defined one-dimensional distribution in the tangent bundle T F 3 . It turns out that this distribution is tangent to the coordinate horospheres u 1 = const, and its integral trajectories called the null curves of the degenerate Bianchi transformation belong to the coordinate horospheres u 1 = const.
Thus, due to the degeneracy of the Bianchi transformation, there are three well-defined onedimensional distributions in T F 3 : the distribution spanned by ∂x ∂u 1 , the kernel of the Bianchi transformation, and a one-dimensional distribution orthogonal to the two distributions above.
Definition. The degenerate Bianchi transformation is referred to as holonomically degenerate if the three one-dimensional distributions in question, as well as the three two-dimensional distributions determined by them in T F 3 , are integrable in the sense of the classical Frobenius theorems, i.e., the Lie brackets of vector fields ξ 1 , ξ 2 , ξ 3 spanning these three one-dimensional distributions satisfy
The main result of the paper provides a complete description of three-dimensional pseudo-spherical submanifolds in R 5 which admit holonomically degenerate Bianchi transformations of rank 2.
Theorem. Let F 3 be a pseudo-spherical submanifold in R 5 . Suppose that F 3 admits a holonomically degenerate Bianchi transformation of rank 2, F 3 →F 2 .
Then the resulting surfaceF 2 belongs to a three-dimensional subspace R 3 ⊂ R 5 and has constant negative Gauss curvature,K ≤ −1.
Moreover, the following description holds true: 1) IfK ≡ −1, then F 3 is represented by a position vector
wherex(u 1 , u 2 ) is a generical vector-function representing a two-dimensional surface in R 3 with the first fundamental form
The null-curves of the Bianchi transformation in question are parallel straight lines u 2 = const on the coordinate horospheres u 1 = const.
2) IfK < −1, then F 3 is represented by a position vector
is a generical vector-function representing a two-dimensional surface in R 3 with the first fundamental form
the constant a > 1 is well-defined from the relationK = − a 2 a 2 −1 , and the coordinates (v 1 , v 2 , v 3 ) are related to the horospherical coordinates (u 1 , u 2 , u 3 ) by
The null-curves of the Bianchi transformation in question are concentric circles v 2 = const on the coordinate horospheres u 1 = const.
For the moment we don't know what happens if we remove the assumption of holonomicity. Most likely, in the general case the resulting surfaceF 2 will no longer be pseudo-spherical. However we believe that the following conjecture holds true: if a three-dimensional pseudo-spherical submanifold F 3 ⊂ R 5 admits a degenerate Bianchi transformation to a two-dimensional surfaceF 2 so thatF 2 has constant negative Gauss curvature and belongs to a three-dimensional subspace R 3 ⊂ R 5 , then the degenerate Bianchi transformation in question is holonomically degenerate.
General degenerate Bianchi transformations of rank two
Let F 3 be a three-dimensional pseudo-spherical submanifold in the five-dimensional Euclidean space R 5 . The pseudo-sphericity means that the sectional curvature of F 3 is constant negative, K ≡ −1. We suppose that F 3 ⊂ R 5 is represented locally by a position vector x(u 1 , u 2 , u 3 ) in terms of horospherical coordinates (u 1 , u 2 , u 3 ) so that the first (metric) fundamental form of F 3 is given by (1). The coordinate system in question is orthogonal, the u 1 -coordinate curves represent a family of geodesics in F 3 , whereas the coordinate surfaces u 1 = const are (domains on) horospheres. Each of these (domains on) horospheres is isometric to (a domain of) the Euclidean plane, and the coordinates (u 2 , u 3 ) are Cartesian.
The horospherical coordinates in F 3 being fixed, consider the corresponding Bianchi transformation of F 3 that is defined by the formula (2) . Notice that different horospherical coordinate systems on F 3 generate different Bianchi transformations.
Generically, the resulting vector-functionx in (2) depends on the all three arguments u 1 , u 2 , u 3 and therefore represents a three-dimensional submanifold in R 5 .
However, we are interested in the particular case wherex(u 1 , u 2 , u 3 ) represents not a threedimensional submanifold, but a two-dimensional surface.
More precisely, we say that the Bianchi transformation is degenerate of rank 2 and hence produces a two-dimensional surface if
In order to differentiatex(u 1 , u 2 , u 3 ) given by (2) and then verify (3), we need to use the classical Gauss-Weingarten equations, see [1] , [8] :
where n 1 , n 2 are orthogonal unit vector fields normal to F 3 , g ij and Γ k ij denote the coefficients of the first fundamental form (1) and the Christoffel symbols of F 3 , b σ ij stand for the coefficients of the second fundamental form of F 3 with respect to n σ , and µ σν|i are the torsion coefficients of the normal frame n 1 , n 2 . It is easy to see that the non-zero Christoffel symbols of the metric form (1) are Γ 2 12 = Γ 3 13 = −1, Γ 1 22 = Γ 1 33 = e −2u 1 . By differentiating (2) with the help of Gauss-Weingarten equations, we obtain
Therefore, the defining condition (3) rewrites as follows:
Clearly, the relation (7) means that the normal vector fields b 1 12 n 1 + b 2 12 n 2 and b 1 13 n 1 + b 2 13 n 2 are mutually collinear and determine a well-defined one-dimensional distribution in the normal bundle NF 3 . Without loss of generality, we will specify the choice of the orthonormal frame n 1 , n 2 on F 3 so that the distribution above is directed along n 2 , and hence we have
Thus, by specifying the normal vectors, we may replace (7) by (8)- (9) . From the geometric point of view, the relations (8)- (9) mean that at every point in F 3 the tangent vector ∂x ∂u 1 represents a principal direction of the second fundamental form of F 3 with respect to the normal vector n 1 , whereas it does not represent principal directions of the second fundamental form of F 3 with respect to n 2 . Notice that this geometric property can be used as an alternative way to define tree-dimensional pseudo-spherical submanifolds in R 5 which admit Bianchi transformations degenerate of rank 2.
Holonomically degenerate Bianchi transformations of rank two
In view of (8), we rewrite (5)-(6) as follows:
Hence, we have:
This means that the tangent vector field −b 2 13 ∂x ∂u 2 + b 2 12 ∂x ∂u 3 on F 3 spans a well-defined onedimensional distribution in the tangent bundle T F 3 which vanishes under the Bianchi transformation. The distribution can be treated as the kernel of the Bianchi transformation. Its integral trajectories in F 3 are called the null-curves of the Bianchi transformation.
Clearly, the vector field −b 2
∂x ∂u 3 is tangent to the coordinate horospheres u 1 = const and, consequently its integral trajectories, the null-curves of the degenerate Bianchi transformation, belong to the coordinate horospheres u 1 = const.
It is natural to consider the situation where both the null curves and the u 1 -coordinate curves can be incorporated into a three-orthogonal coordinate system on (1), it is easy to see that ξ 1 , ξ 2 and ξ 3 are mutually orthogonal.
By definition, the Bianchi transformation is holonomically degenerate, if the Lie brackets of ξ 1 , ξ 2 and ξ 3 satisfy
and hence there exists locally an orthogonal coordinate system,
and ξ 3 are tangent to the coordinate curves. By calculating the Lie brackets in question, it is easy to verify that the following statement holds true. 
i.e., if the ratio b 2
does not depend on u 1 .
Geometrically, (10) means that null-curves situated in different coordinate horospheres u 1 = const are mapped to each other by translations along u 1 -coordinate curves in F 3 . Now let us discuss in more details how the coordinate system
where A, B, C some functions. These equations rewrite as follows
The equations for
Hence, without loss of generality, we can set u 1 = v 1 .
Next, it follows from (14) , that u 2 and u 3 don't depend on v 1 . Moreover, the compatibility of equations for u 2 (v 2 , v 3 ) and u 3 (v 2 , v 3 ) in (14)-(16) leads to the following relations for the functions B and C:
The existence of non-vanishing solutions B, C to this system is procured by the relation (10) . Let analyze how the fundamental forms of
The first fundamental form (1) of F 3 is written in new coordinates (v 1 , v 2 , v 3 ) as follows, due to (11)- (13):
It is easy to see in view of (14)-(15) that neither ((b 2 12 
Therefore the metric form of F 3 reads as follows:
where a 22 = a 22 (v 2 , v 3 ) and a 33 = a 33 (v 2 , v 3 ) are some functions. Clearly, a 22 dv 2 2 + a 33 dv 2 3 is the metric form of the coordinate horospheres v 1 = const. It is Euclidean and this impose some additional constraints on a 22 (v 2 , v 3 ) and a 33 (v 2 , v 3 ).
As for the coefficients of the second fundamental forms of F 3 in new coordinates (v 1 , v 2 , v 3 ), which will be denoted by b σ ij , it is easy to verify that they still satisfy conditions similar to (8),
Besides, we get b 2 13 ≡ 0
due to (11)-(13), whereas b 2 12 = 0 (20)
in view of (9) . Moreover, recall that n-dimensional pseudo-spherical submanifolds in (2n − 1)-dimensional Euclidean space have flat normal connection, for n = 3 as well as for any other n ≥ 2, see [1] , [5] - [6] , [14] . Since F 3 ⊂ R 5 has flat normal connection, then the torsion coefficients µ σν|j = ∂nσ ∂v j , n ν can be written as follows:
where ϕ = ϕ(v 1 , v 2 , v 3 ) is some function. Indeed, since the normal connection is flat, one can equip F 3 with an orthonormal normal frame n * 1 , n * 2 which is parallel translated in the normal bundle NF 3 . The normal frame n 1 , n 2 on F 3 specified above is obtained by rotating n * 1 , n * 2 , i.e., n 1 = cos ϕ n * 1 +sin ϕ n * 2 , n 2 = − sin ϕ n * 1 + cos ϕ n * 2 . Then one can easily get (21) by calculating the torsion coefficients and taking into account that the frame n * 1 , n * 2 is parallel translated in NF 3 .
Gauss-Codazzi-Ricci equations for F 3 with holonomically degenerate Bianchi transformation
The coefficients of the fundamental forms of F 3 ⊂ R 5 satisfy the well-known system of Gauss-Codazzi-Ricci equations [1] , [8] :
where R ijkl are coefficients of the Riemannian curvature tensor of F 3 . Since F 3 ⊂ R 5 has flat normal connection, then the last group of equations (Ricci equations) rewrite in a simpler form,
Let us discuss how the specific expression (17) for the metric form of F 3 , the constraints (18)-(20) on the coefficients of the second fundamental forms of F 3 , and the particular representation (21) of the torsion coefficients of F 3 affect the Gauss-Codazzi-Ricci equations (22)-(24). Proceeding step by step, we will solve these equations and find coefficients of the fundamental forms of F 3 .
Ricci equation (24) 
hence we get b 2 33 ≡ 0. Consequently, the v 3 -coordinate curves, that are the null curves of the Bianchi transformation, turn out to be lines of curvatures of F 3 . Besides, these curves are asymptotic lines on F 3 with respect to n 2 .
Next, consider Codazzi equation (23) with i = 1, j = 3, k = 2, σ = 2, which rewrites as follows:
Therefore, we have ∂a 22 ∂v 3 = 0, i.e., a 22 depends only on v 2 . Without loss of generality, by applying a scaling v 2 →ṽ 2 (v 2 ) if necessary, we can set a 22 ≡ 1. 
from Codazzi equation (23) with i = 2, j = 3, k = 2, σ = 1 we get
and from Codazzi equation (23) with i = 2, j = 3, k = 2, σ = 2 we get
Ricci equation (24) with i = 1, j = 2, σ = 1, ν = 2 is rewritten as follows:
, since b 1 11 can not vanish. Now consider Codazzi equation (23) with i = 1, j = k = 3, σ = 1, which reads
Solving this differential equation, we obtain:
where f (v 2 ) is a positive function depending only on v 2 .
In order to determine f (v 2 ), consider Codazzi equation (23) with i = 2, j = k = 3, σ = 1, which is rewritten as follows:
At this step of our discussion we have to take into account the coefficient a 33 . Recall that the metric form a 22 dv 2 2 + a 33 dv 2 3 is Euclidean as the first fundamental form of the coordinate horospheres v 1 = const. Since a 22 ≡ 1, its is easy to verify that there are only two possibilities for a 33 : either a 33 = a 33 (v 3 ) and hence we can set a 33 ≡ 1 by applying a scaling Next, in this case from the Codazzi equations with i = j = 3, k = 1, σ = 2 and with i = 2, j = k = 3, respectively, one can find
Finally, the remaining equations from the Gauss-Codazzi-Ricci system reduce to the following three equations:
Thus, we obtain that the first fundamental form of F 3 is
the second fundamental form of F 3 with respect to n 1 is
the second fundamental form of F 3 with respect to n 2 is
and the torsion coefficients are expressed by (25), (28)-(29), where b 2 
If c(v 3 ) is not constant, then the only solution of (33) is f (v 2 ) = 0, which contradicts to the positiveness of f (v 2 ) required in (26). Hence c(v 3 ) has to be constant, c(v 3 ) = c 0 . By applying a shift v 2 → v 2 + c 0 if necessary, we can set c 0 = 0, and therefore we have a 33 = (v 2 ) 2 . By solving (33), it is easy to get f = f 0 (v 2 ) 2 , where f 0 is a positive constant. Next, in this case from the Codazzi equations with i = j = 3, k = 1, σ = 2 and with i = 2, j = k = 3 one can find
the second fundamental form ofF 3 with respect to n 1 is
and the torsion coefficients are expressed by (25), (34)-(35), where b 2
are some functions which satisfy the relations (36)-(38).
Example 1
In this section we will construct a particular three-dimensional pseudo-spherical submanifold in R 5 whose Bianchi transformation is degenerate of rank 2 and leads to a two-dimensional surface.
LetF 2 be a two-dimensional surface in R 3 represented by a vector-functionx(v 1 , v 2 ) so that the first fundamental form ofF 2 reads
Suppose the second fundamental formb =b 11 dv 2 1 + 2b 12 dv 1 dv 2 +b 22 dv 2 2 ofF 2 is not diagonalized,
The surfaceF 2 ⊂ R 3 being given, consider a three-dimensional submanifold F 3 in R 5 represented by the vector-function
Because of (39), the first fundamental form of F 3 reads
Therefore, the submanifold F 3 is pseudo-spherical, its Gauss curvature is equal to -1, and (v 1 , v 2 , v 3 ) are horospherical coordinates on F 3 .
Proposition 4.1. The Bianchi transformation of F 3 ⊂ R 5 corresponding to the choice of horosherical coordinates is degenerate and transforms F 3 to a two-dimensional surfaceF 2 ⊂ R 5 with the following properties:
(i)F 2 belongs to a three-dimensional subspace R 3 of R 5 ; (ii)F 2 is pseudo-spherical, its Gauss curvature is equal to -1.
Proof. Applying the Bianchi transformation (2) to the vector-function (41), it is easy to get
Clearly, the vector-functionx depends only on v 1 , v 2 and takes values in the subspace R 3 of R 5 determined by x 4 = 0, x 5 = 0.
Differentiate (43) and apply the Weingarten equations corresponding toF 2 . Then we have:
whereΓ 1 11 = e −2v 1 1−e −2v 1 ,Γ 2 11 = 0,Γ 1 12 = 0,Γ 2 12 = −1 are the Christoffel symbols andn is the unit normal ofF 2 ⊂ R 3 . Taking into account (40), we see that ∂x ∂v 2 and ∂x ∂v 2 are non-collinear.
Thus,x(v 1 , v 2 ) given by (43) represents a two-dimensional surface,F 2 , in the three-dimensional Euclidean space R 3 .
To finish the proof, let us find the Gauss curvatureK ofF 2 . It is easy to verify in view of (44)-(45) that ∂x ∂v 2 is orthogonal to ∂x ∂v 1 and ∂x ∂v 2 because of (39 
Viewing (47)-(48) as Weingarten equations forF 2 , the shape operator ofF 2 is given bỹ
The determinant ofW , which is just the Gauss curvature ofF 2 , is equal to −1, q.e.d. and therefore it is negative. The classical theory of isometric immersions guarantees the existence of surfaces in R 3 whose first fundamental forms coincide with (39). Besides, in the general case the assumption (40) is fulfilled too. Thus, two-dimensional surfaces in R 3 satisfying both (39) and (40) do exist and hence generate three-dimensional pseudo-spherical submanifolds in R 5 with degenerate Bianchi transformations of rank 2 as discussed above.
Remark 4.3. Notice that the horospherical coordinates (v 1 , v 2 , v 3 ) on the submanifold F 3 are subject to the constraint v 1 > 0 which assures the positiveness of (39). Therefore, F 3 represents a domain in a horoball of the hyperbolic space isometrically immersed into R 5 .
Let us calculate the fundamental forms of the submanifold F 3 ⊂ R 5 represented by (43). The vectors tangent to F 3 are
Taking into account (39), it is easy to demonstrate that the vectors
form an orthonormal frame in the normal plane of F 3 . Consequently, the second fundamental forms of F 3 with respect to n 1 and n 2 read as follows:
Moreover, the torsion coefficients of F 3 , which are µ 12|j = ∂n 1 ∂v j , n 2 = − n 1 , ∂n 2 ∂v j by definition, are expressed as follows
The Gauss-Codazzi-Ricci equations for the submanifold F 3 ⊂ R 5 reduce to the following system of equations:b
These equations are written in terms ofb 11 ,b 12 ,b 22 , and they are just the Gauss-Codazzi equations for the surfaceF 2 ⊂ R 3 .
Example 2
In this section we will construct another kind of particular three-dimensional pseudo-spherical submanifolds in R 5 whose Bianchi transformations are degenerate of rank 2 and lead to two-dimensional surfaces.
where a > 1 is an arbitrary constant. Moreover, suppose the second fundamental formb =b 11 dv 2 1 + 2b 12 dv 1 dv 2 +b 22 dv 2 2 ofF 2 is not diagonalized,b
.
Because of (49), the first fundamental form of F 3 reads
If we introduce the coordinates
. Therefore, the submanifold F 3 is pseudo-spherical, its Gauss curvature is equal to -1, and (u 1 , u 2 , u 3 ) are horospherical coordinates on F 3 . The coordinates (v 1 , v 2 , v 3 ) can be referred to as polar horospherical, since (v 2 , v 3 ) represent polar coordinates on each horosphere v 1 = const, whereas (u 2 , u 3 ) are Cartesian coordinates.
Proposition 5.1. The Bianchi transformation of F 3 ⊂ R 5 corresponding to the choice of horosherical coordinates is degenerate and transforms F 3 to a two-dimensional surfaceF 2 ⊂ R 5 with the following properties:
(i)F 2 belongs to a three-dimensional subspace R 3 of R 5 ;
(ii)F 2 is pseudo-spherical, its Gauss curvature is equal to − a 2 a 2 − 1 .
Proof. Applying the Bianchi transformation (2) to the vector-function (51), it is easy to get
Hence, the vector-functionx depends only on v 1 , v 2 and takes values in the subspace R 3 of R 5 determined by x 4 = 0, x 5 = 0. Differentiate (53) and apply the Weingarten equations corresponding toF 2 . Then we have: Thus,x(v 1 , v 2 ) given by (53) represents a two-dimensional surface,F 2 , in the three-dimensional Euclidean space R 3 .
To finish the proof, let us find the Gauss curvatureK ofF 2 . It is easy to verify in view of (49), (54)-(55) that the unit normal toF 2 ⊂ R 3 is written as follows:
Differentiate (56), apply the Weingarten equations ofF 2 and express ∂x ∂v 1 , ∂x ∂v 2 ,n in terms of ∂x ∂v 1 , ∂x ∂v 2 ,ñ by using (54)-(56). Then we get: The determinant ofW , which is just the Gauss curvature ofF 2 , is equal to − a 2 a 2 − 1 , q.e.d.
Remark 5.2. Notice that the Gauss curvature of the Riemannian metric (49) is equal to − a 2 (a 2 −1) (a 2 −1−v 2 2 e −2v 1 ) 2 and therefore it is negative. The classical theory of isometric immersions guarantees the existence of surfaces in R 3 whose first fundamental forms coincide with (49). Besides, in the general case the assumption (50) is fulfilled too. Thus, two-dimensional surfaces in R 3 satisfying both (49) and (50) do exist and hence generate three-dimensional pseudo-spherical submanifolds in R 5 with degenerate Bianchi transformations of rank 2 as discussed above. Taking into account (49), it is easy to demonstrate that the vectors
, cos av 3 , sin av 3 , n 2 = (n, 0, 0)
b 2 =b 11 dv 2 1 + 2b 12 dv 1 dv 2 +b 22 dv 2 2 . Moreover, the torsion coefficients of F 3 are expressed as follows:
